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Analytic Theory 


I . 


U Classes of Schemata 

|,1,| Recursive Schamas 

The following is an informal progress report, of some 
work that I have cions with Mike Paterson, John L* h'hlte made 
important suggestions and corrections. The result that 
recursive schemas are more powerful than program schema was 
obtained as a term project in the spring of 1969* ftioorous 
proofs are not given here but just an indication of how a proof 
would go* Program schemas are nonrecursive procedures that hove 
uninterpr&ted function symbols and predicate symbols, fle shall 
use capital letters to denote uninterpreted symbols* tee shall 
allow schemas to use a finite number of distinguished objects 
which can be tested by the binary predicate Ms"* For example 
Us k "hello") is true only if x is the distinguished constant 
Jl hello 11 * Functions evaluate their arguments from left to 
r i gbt. 

The f ol Lowing is an example of a program schema 


(g x 1 : 
aoaim 


begin (registar yJ 

(comment y is a a register of the program schema g) 

(if (or iP x) (is x ,> dolly r, n then (return yl) 

(x <- (L y ) > 

(y (R yJ)> 


A recursive schema Is a procram schema that is allowed 
to call itself or other recursive schemas recursively. The 
following is an exampJe of a recursive schema k which is defined 
by a set of recursive equations* 


[k*>= tlf (P x) then x 

else <C fk x) (id (H x>) ) 

[my) - (if (P (R.yjl) then (L y> 

else (C Cm < 1 y } > c k Ck x > ) ) > 

For any recursive schema defined by a set of recursive equations 
we can construct an equivalent recursive schema with only one 
equation and one additional argument to tell which equation is 
being simulated* This is possible because we allow recursive 
schemata to use a finite number of distinguished constants and 
predicates to test for these constants* The following is an 
example of a recursive schema that uses the interpreted constant 
symbols true and false. 


£f x} = (if (P 

than 

(if iQ x) 

then true 
else false) 
elseif £f (Lx)) 

then true 
else (f (H xJ)) 


1*1* 1.1 Comparison with Procram Schemas 


In fact the above recursive schema is not equivalent to any 
program schema, by equivalent we tn&an that the two schemas icust 
both fail to terminate or both must return the same value for 
ail interpretations of the functions f, 0, L r and R, often we 
will take the set of uninterpreted terms as our domain of 
interpretation. In the above case the domain of 1nterorstatlon 
is x T EL x), (R x>, EL IL xH, (L fR x)) t (R a x) t etc. The 
function letters L and R are interpreted as 1 and r where: 

Cl yJ is defined to be the term (L yJ 
(r y> is the term fR y> 

Thus (1 <R IL x))i is the term EL IS (L rh). Two schemas are 
equivalent if and only if they define the same function on the 
domain of terms* 

Theorem t 

Ihe function f defined above is not equivalent to any program 
schema. 

Proof* Consider the following class of interpretations U n> 
where n is a non-necetive integer: 

The domain of interpretation is the sot of terms that can be 
constructed from the indeterminate x $nd the predicate letters L 
and R* The predicate Q is interpreted as a function q with ranee 
Itrue false}. The predicate P is interpreted as the function o* 


I ♦ J pa ce 6 


(p fhiO — th!m x) »»., )) - true- for in =■ n 

= false otherwise 

where each hii M ,h h subscripted by i") is the interpretation for 
fj or the interpretation lor L and there is at most one path such 
that 

<q (hlO— Chin x>*..)) = true 
The domain of {1 n> is the sat of a r J2 terms that can be 
Constructed from the indeterminate x and the functions L and R* 
v L e are going to prove that for any program schema P we can find 
an integer t such that P does not define not the same function 
as the recursive schema f on at least one member of the class (1 
vK In the the interpretation HI 3) t we have the following L-R 
tree (where each node is a term in the domain of {i 3J U 
<x (a x) 

id CL x) J 

|«L (L CL k)))J 
UR CL CL x))J>) 

UR a xn 

ML (R cl XJ)}J 
UR CR a 

UR x) 

<<L C R xM 

UL CL (R k 5 J J > 

{C R CL CR *)>).)) 

KR CR xi> 

ML CR CR x))j} 

UR (ft (R x 1? )}}} 


The function p is true only on the right-most Ci«e. bottom) 
noues and q is true on at most one of the right-most (bottom) 
nodes. Ir.p shall define the state of a program schema P at a 
point in its computation to be the contents of the registers of 


] * t ps re 7 


£■ together with the statement of P that will be executed next. 
Two states 5 1 arid 52 of P under the interoreti on I will be said 
tc be EQUIVALENT if p executes exactly the seme sequence of 
instructions when started from 51 as when starters from S2* 
Suppose ue have a program schema P with s statements end k 
registers. in the Interpretation i<I n> f the procram schema P 
has at most s*C £n+2)**k 3 equivalence classes of states where +* 
is the exponential function* (Effectively the only thing the 
schema can do is tc count down each of its Jc registers to the 
bottom of the L-J? tree and test each of them to see If it has 
reached the bottom.) However, a program schema needs at least 
2**n Steps in order to check if q is true on each of the nodes 
at level n. Therefore for sufficiently Jarce n t P must go into 
an infinite loop since it wiJl arrive at two distinct nodes in 
the same state. To see the matter somewhat differently look at 
the sequence of equivalence classes of states. If the sequence 
repeats then the program schema is in an infinite loop. J3uf the 
poor program schema must seek and test all 2**n terminal nodes 
and than halt. Therefore the program schema needs at least 
equivalence classed* 

ri'e define the protocol tree of a recursive schema S to 
be the possibly infinite tree obtained by substituting for each 
schema that occurs In S the definition of that schema to obtain 
a schema S'. The whole process is then repeated for the schema 

CJ 

hr - + 


The protocol tree of the schema f is 


(P >: > 
then 

(if 40 *> 

then true 
else false) 


else 

[if (P (L x)> 
then 


(If (Q (L x)l 
then true 
else 


(if (P (R x)) 


then 

(if {Q (R xJ) 
then true 
else false) 
else false)) 

else 

(if (P (L (Lx))) 
then 

cif (0 a (Lx))) 
then true 
else 

(If (P £L (fi x)J) 
then 

Elf (0 (L {R x))) 
then, true 
else 

..*) 


else 

(if 


else 

(if (P (fix)) 

* * * ,) > 

CP CR (L x)) 

then 

(if (Q (R (L x))) 
then 
true 
else 
._*) 

else 

(if (P (R x)> 

then 

(if (Q (R x)> 
then 
true 
else 

false) 

else 

false))) 


?.& shall say that a protocol is BU5HY if It contains an 
infinite binary subtree such below every node on the subtree 
there is a path which can corweroe* Notice that if a protocol 
tree is bushy then it is infinite. 

The schema t defined above is bushy as Is shown by the 
following bushy sub-tree* 


■IIP x) 

iiip IL x )> 


(CP 

CL 

CL 
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The schema f ] defined below is not b bushy end there is an 
equivalent, program scheme* 


If t xtif CP x) 

then true 
eiseif If r (L x! 

then true 
eiseif C fI IH x)> 
then (fi x> 
else false! 

The protocol tree is not bushy since it does not contain an 
infinite binary tree* 


if IP x) 

then true 


tilSG 

if CP (L x» 

then true 
else 

if CP CL CL x J)) 
then true 
else 


The following schema does mot have 3 bushy protocol tree because 
none of the nodes have convergent paths beJ.ow them. 

ff2 xi=lf (P x> 

then £C £f 2 C \i X J J C f 2 (L x >) 
else £ C £f2 (L x)) £ f 2 tfi x>) 

The schema ff defined below has a bushy protocol tree* Kota the 
use of the uninterpreted function symbol ,I C , T 


(ff X) = 

(if CP xl 
then x 
else 
(C 

C ff CL x J > 
tff tR x n n 


The protocol tree for the schema ff i e i 


Cif CP x) 

then x 
else 

(if CP CL 3 C>> 
then, 

(if <P (R x>> 

then CC CL x) CR xJJ 
else 

(if (P CL fH x) i) 
then 

Cif CP CL £L x))) 

then (C (L xJ £C CL Cr x>J 

(R CR xJ nJ 

else 
* .* > 


C U xJ) 


else 

(if CP (L (Lx))) 
then 

(If (■ P (H {L x >)) 
then 

(if (P (ri x)) 

then (C (C (L (L x)) CF, x >3 


else 


a las 

* ** ) > 


) 


ihe schema ffI defined below does not have a bushy protocol 
tree* 


Cff l x)=£if 

(or (P x) (not (P (L x ))) 

then x 

else 

£ C ( ffl (Lx)) (ff l (R x) ))) 


since it is equivalent to 


< f f st) ■ if (P x) then x 

else (C (Lx) Cff1 (R x))) 


All of the above Schemas given above have the property 
tb&y if they are not bujshy then they ore not equivalent to any 
program schema* 


(f4 x y> = if (P y) then x 
ei se 
£C 

(f4 (Lx) (3 y)) 

( f 4 (R x) (G y))) 

Cf5 x y) ^ if (p y) 
then 


If (t! y) th^n true else false 
■e 1 so 
(.ami 

(fo (Lx) tG y 3 ) 

(f b (k x) (0 y 3)) 

neither of the above schemas is equivalent to any program 
schema#. The reader might consider how to extend the definition 
of bushy in order to encompass the above Cases. [Hint 1 
Consider protocol trees which have an infinite branch on which 
arbitrarily large "bushy 11 Prances anpear. 3 

[.!.]*].! The Bushy Theorem: 

If a schema has a bushy protocol tree than if is not equivalent 
to any program schema. 

The following is an Example of a recursive schema which 
does not have a bushy protocol tree but is not equivalent to any 
program schema. 

(f x y ) -= If (P y) 
then x 
else 
fc 

(f (Lx) (H y) 1 
(f CS x) (H y))) 

However, if wo restrict ourselves to recursive schemata 
which have only one instance of a call to themselves then we can 
find an equivalent program schema. The program schema is 
obtained from the recursive schema by doing the tests in the 
opposite order. A more primitive form of the trensf cruiat ion is 


welt known to compiler writers* Ihe transfDotation explained 
pelow will work only 1 m the absence of side effects. Ihe 
running time of the transformed prooram is of the order cf tho 
square of the running time of the original program* he 
conjecture that there is no transformation that can do better 
than the square of the running time m general* For example 
consider 

<f x3 = tif tP x) 
then x 

else (H rf itdelta x)3 

E. J. 1.3.2 The Single Instance Theorems 

A single recursive schematic equation that defines a function 
form f can be transformed into an equivalent program schema if 
the form f appears only once in the definition of the function. 


Proof t 


x . 


Define (F~n xl to be F applied n times to soma argument 


(r^O x) E x 

< F"~ £ n+ I J x) = i? ir*n x) 1 

For example (F* I X) is CF x> and <r~2 x) Is (F (F x)). 


Suppose the definition of f is of the form 


(f kJ 


if ialpha kl 


then ubeta kl 

else toain.ua (f (delta U> k) 


where (alpha k> is toe express! on that Is evaluated before the 
recursive call to f, H beta kl is the expression that is 
evaluated if there is ho recursive call to f, arid tea nun a (f 
.tdelta kU k) is the value for a recursive call to f« The 
protocol tree for f Is 


(if (alpha iiUelta^O «}} 
then 

(beta ddelta^O ki) 
else 


(gamma 


(delta* 3 kll 


Uf '(alpha itdelta* ] k>) 
then 

itbeta (delta* I k>> 
e lee 

(cam a 

(if (alpha rtdelta A 2 U> 
then 

.(beta <delta A 2 k)> 
else 

tge it "ns 

Uf (alpha 
then 


else 


*., 1 


(deltas k) >) 

(delta*l k})) 


ldelta*0 kill 

kn expression that appears within I and ) is an intention that 
is expected to be true whenever control passes through the 
expression* It is not nseess&ry to understand the intentions 


In order to understand the sche^ne f, 1 n fact many readers mioht 
prefer not to read the intentions* The intention functions fa, 
f c, and fd are intended to- express whet roes on in loops a, c, 
and d respectively. The function f can be re-written as 


follows I 


{ 1 = kJ — begin (register m n i j) 

(comenent in t n, i, .and j are registers of the program 
schema f J 

’tin <■- >:) 


a i 
□I1 J 


(if (not (a-lpha ml) then Cm <- {dells 11 }) (no a)) 

[define (fa m) ■ if {alpha hi } then m else (delta 


[(m = (fa li) J (comment [ t is our intent that m 
he equal to (fa JO at this point* It can be shown by induction 
that this intention is always realized.)! 

(i <- JO 

(n <- (beta ail J 


c= (if (alpha ii 

then 

L(f k) = (fc .(delta (fa kl) k) - nl 
(return n)) 


[n = (f ill 

[define (fd n m j) = if (alpha j) then ( ga mm a n 
m.) else (fd n (delta ml (delta jl)J 

Idefine (fc n i> = if .(alpha 1} then n else (fc 
(fd n Jc n rtdelta D)J 

[n = (fd Hbeta (fa k>) k ill 

(i <- (delta il) 

(j <“ ii 

(mi <- jo 

dt (if (not (alpha jll 

then 

£ j <- {delta J > > 

(ra <- (delta ml ) 

(go d)) 

(h <- {gamma n m)J 
In = (f m1J 


(g-g c) 
end 


J* t* [ *2 Compilation 

We can look at program schemata and recursive schemata 
as automata that operate on the universe of terms as a date 
space, A finite State Schema automaton- operates under a finite 
state- control structure using a finite number of registers each 
of which can hold one term. As a primitive operation the 


automaton is. allowed to create a term by a no ] y i n r a function to 
terms stored in its rooi stars and then to store the result ha cl; 
in a register, in addition the automaton is allowed a finite 
number of primitive predicates to test the contents of its 
registers* The class of finite state schema automata is 
equivalent to the class cf program schemata in the obvious way* 

A pushdown schema automaton is defined to bo a finite state 
schema automaton with a pushdown stack* In addition a oushdown 
schema automaton is aj Jewed a finite number of distinguished 
constants as terms together with predicates that test for the 
distinguished constants* he will investigate the relationship 
between these machines and schemas. The appropriate kind of 
equivalence is one in which side effects are allowed* Two 
schemas wiJl be said to be si de-effect equivalent if they are 
the same function for aJl interpretations including those which 
involve side effects. For example the schemas JF and ]2 below 
are not slde^affeCt equivalent. 

(j I x) - if CP x) then k 

else fp[ tgxJ <gx>) 

1 p ] x y) — x 

(}2 x> - if CP x> then x 

else fj2 (G x » 

The free interpretations are the ones in which each 
unInterpreted function symbol is interpreted as the function 
which evaluates to the list of aJl the primitive terms that have 


been previously Evaluated in the computation. For example the 
side-effect protocol tree for j2 is 


if {P x? 

then rtx + £P * U 

else 

if CP (G xJ) 

then UG x 3 -*■ fP CG x )> CG x) -(P x)> 
else 

if fP tG "2 x )) 

then ((^2 xl -i-£P £G rt 2 x)J ( 0*2 x) -CP (G 

X)} {G x) -CP x) > 

else .*. 

Do the other hand the side-effect protocol tree of jt i$i 

If IP xJ 

then, Cx + IP x)} 
else 

if tP tG xl) 

then KiG x) +tP iG x>J (G x) [G x> HP xi) 
else 

if CP CG A 2 xn 

then {£G *2 xJ + <P { 0*2 x>) IJT 2 x) CG *2 xJ 
-CP (G xJl (G x) fG x> -(P xJ) 

else . *. 

Thus jl and j 2 are not side-effect equivalent* Although 
ordinary equivalence is recursively undecidable T side-effect 
equivalence is decidable by tree expansion. 


The Ccsnpi fat ion Theorems 

For every recursive schema there is a side-effect equivalent 
pushdown schema automaton; Arguments to a function are passed 
along by placing them on the stack and the value of the function 
is returned in register rl* ria shall show how to compile the 


Schema f defined below* 


tf x3 — begin (new y initial Cht x)> 

(comment y is a new local which is initialized to (H x3) 

£ i f (P x 1 

then (K x y) 

elself (and y (P {f k )}} 
then (K y xi 
else (G (K y k > y )) 

end 


The compiled form is 


if x3 = begin 

(comment (- xJ is the top element of stack when 
f Is entered. The top element is also called (Index U*> 

(define y to be (index 23) 

(push { = x 3 ) 

(call 1 Hi 

(push rim (comment Yi c declare y to be the 
next eluent on the stack and initialize it with the value (K 
xJ. The expression (call 1 HI will call the function H with I 
eroument,3 

(if 


(push (= it)) 
C ca 11 IP) 
(true? r11 
then 

(push £ = x 31 
(push £ = y 3 } 
(call 2 to 
(return! 

elself 

(and 

£ 

{ 


(true? (= y)3) 


th en 

(push (= y )) 
(push f= x ) 3 
(call 2 X) 
(return }) 


(push (- x3J 
(call f f) 

(push r13 
(call F P3 
(true? rlH) 


else 


(push (= y) j 
(push (= x 3) 


(cal 1 2 JO 
(push r 1 ) 
(push {= y> 
(call 2 0> 
(return)) 


enu 


1. ].1*3 Schemas with Resets 


Tags can be thought of as identifiers which are bound at 
each activation l&vel. By passing the activation as a parameter 
the leveL of activation can be Isw.edietedy reset by executing a 
transfer of control through the activation* In order to obtain 
an equivalent machine,, we can extend the instructions of the 
push down schema automaton by allowing them to store a pointer 
to the top element of the stack into one of the registers* The 
resulting class of machines is called the reset push down schema 
automata. If the stack is ever popped back pact a location that 
is pointed to by a register then the automaton halts with an 
error* ne found discussions with Hike Fischer helpful in 
analyzing schemas with resets* 

The Reset Theorem: 

The class of reset push down schema automata is equivalent to 
the class of ordinary push down schema automata. 

Kip can simulate any schema that uses jumps through 
activations with the loss of at most a factor of two in speed. 
The idea is that we shall u$e the distinguished constants “one 31 1 
"two 11 , "three 1 ' to indicate an abnormal return. [ f a function 


returns "three” then it is doinn an abnormal return cn its third 
ar aument. Consider the following examplet 


(try x) - begin 
*cH.in: 

(if (0 x) 
then 

(x <- ( r x )) 

(ao acain) 
eiseif (P x) 
then 

(x <- (harder (F x) again}) (comment the tag 
w egein"' Is an identifier) 

(if (not x) 

than (return false) 
else (go again)) 
else (return false)) 

end 

(harder x) tag) = begin, 
again* 

(if (0 x l) 
then 

(x <- (F x t n (c orient .set the aiobal k to (F 

xl)) 

(go tag) (comment jump back to the activation 

defined by tag) 

eiseif (P x> 
then 

(xi <- (harder (F xl) tag)) 

(if (not Xi) 

then (return false) 
else (go again )) > 
else (return false) 

and 

Ifi'e can rewrite try and harder as try** and harder* 1 respectively 
without the use of resets* VJe shall use the function (exit x) 
to force a process to leave a function with the vsiue x „ 


beai n 


£try * x) - 
eoeins 

(if £Q x) 
then 

lx <- (F x) ) 

Coo again) 
alself (P x > 
then 

(x <- (begin (new temp) 

fteirjp <- (harder-' (f x))) 

(if (is temp "second' 1 ) 
the n 

(go strain) 

else 

(return temp))) 

(if (not x) 

then (return false) 
else (go again) 
else (return false)) 

end 

(harder' xl) - begin 
a oa l n f 

(if £G x]J 
then 

(x <- (F x 1)) 

(return ("second")) 
elseif (F xl) 
then 

(xl <- (begin (new temp) 

(temp <- (harder' (F xl)) 

(if (is tefr-p "second") 
then 

(exit ’'second") (corcciont 
"sacond 13 Is the value of the function harder') 

else 

(ret urn t emp )))) 

( if (not x I) 

then (return false) 
else (go again)) 
else (return false)) 


end 


1,1 *2 Schemas with Counters 


i'.e would like to present another example of a function 
that can ccfi'iputsc by a recursive schema taut not by any 
program schema* Define (F A n x> as in the proof of the Sinrle 
Instance Theorem* Thus (EF^n+l) x) = (F (F*n % I) * Suppose that 
we successively compute [F x > t (F (F x), etc* As we 
successively compute the quantity (F^i x> for some integer 1 we 
Sha.il jceep a running count of the number of times that (P CF*j 
x)) has been true for j less than i, minus the number of times 
that EP (F^J x)> has been false for j less than i* If this count 
ever ocas negative then we shall return false as the value of 
the function (zero x), otherwise the function (zero x) will run 
forever* 

The Counting Theorem for Program Schemata 

The recursive schema / :ero / defined below is not schematically 
equivalent to any program schema. 


{Zero x? * begin 
again* 

(if l? x) 
then 

(X <— (positive IF x))> 
(if x 

then 

(no ana in)) 
else 

(return falsa) 

else 

(return false)) 


end 

Th& schema J z&ro' uses the schema 'positive' to keep track cf 
the count by the o'epth. of recursion of the schefLa ■'positive-'. 


(positive xJ 3 begin 

again 1 

£ if IP x3 
then 

(x, <- (positive (F x 1}) 
{if x 

then 

{go &gain}) 

■else 

Creturn false) 

else 

(return <F x3 >3 

end 


Using the technique of loop elimination we tan convert the above 
functions, into purely recursive schemas, he shsJl define a 
schema zerol which is equivalent to zero and a schema positive I 
which Is equivalent to positive. 


(zero! x) = (if £P x3 

th en 

( if tposi fl va 1 (F x >) J 
then 

{serol {positive! (F x))) 
else 

fa|se) 

else 

f£lse) 

(positive l x 1 = 

(if (P x) 
then 

(i t (positive I (F x ) 3 
then 

(positive! (positive! (F x3)3 
else 

false) 


else 


(F x)} 

The protocol tree for the schema zero is 


C1 f CP (F A D xH 
than 

Uf [P CP^J x >> 
then 

fif CP {^2 x)) 
then 
* * * 
else 

(if CP xn 

then 

else 

(If CP if~A 
then 


else 


else 

false)3) 


< if CP (F"£ x)) 
then 

Cif CP . ( F ~3 x )} 
t hen 
e lse 

Cif {p (F rt 4 x>) 
then 
el se 


else 

false)} 


■else 

false) 

■ihe reader might asx himself why It is that the Sin ole Instance 
Theorem doesn't apply to the schema positive!, 

however a program schema can solve the problem if we 
cjive it a counter, fie postulate the functions ,p + n , «->i T arj j 


zero? which respectively add, subtract,, and test for zero* The 
following program schema is schematically equivalent the the 
function zeroi 


(zero! x) - begin (new n) (return £zero2 x )) end 
( 2a r q 2 x} ■= begin 


a gs i n 1 (if (P x > 

then becin 

(x <- (F x ) i 
(n <- n + I > 

(co again) 
encF) 

(If (2sro? n! then (return false>J 
(n <*■ n^ I ) 

(go again } 

end 

By dllowinc recursive schemas to use a counter * we can construct 
a function -'rec zero' that is not equivalent to any ordinary 
recursive schema* the function rerzero counts the number of 
nodes along the bottom of the L-I? tree that have the property P 
minus the ones that do not hove the property P. The function 
returns the value false if the count ever ones negative* ive 
assume that arguments are evaluated from left to right* 


The Counting iheorem for Recursive Schemata^ 


The schema (with counters) reczero defined below is not 
equivalent to any ordinary recursive schema* 


Cretzero x ) = begin (new n) (return (reczerol x J) end 

(reczero! x) = 

(if fBOTTOM? x) 
then 

(if <P X) 

than begin 
(n <- n* IJ 
(return true} 
end 

else becin 

(if (zero? n) then (return false)! 
(n <- n-f) 


(return true) 
end 

else Liecin 

(if (riot (reczerol (L x)) > then (return false)) 
(if (not (reczerol (fi je)H then (return false .)) 1 
(return true) 
end 


The reason that rcczero As not equivalent to any recursive 
schema Is very similar to the reason that no recursive schema 
can search the branches of the L-R tree in parallel. If a 
recursive scheme is equivalent to recsero then it is constrained 
to search the tree in essentially the same order that reczero 
searches the tree* Otherwise it could be made to fall into an 
infinite loop on an interpretation where reczero converges* 
Constrained in this fashion a recursive schema has only a finite 
number of states in which to try to keep the count. The 
recursive schema cannot succeed for the same reason that no 
program schema is equivalent to the function zero defined above. 

Conjecture* the foLiowihg function is not 
schematically equivalent to any purely schematic recursive 
system of equations* The function even is Supposed to test 
whether the number of bottom nodes of a L-R tree that are true 
for the predicate P is the same as the number that are false for 
the predicate P„ The schema / everi J differs from the schema 
■reczero in the crucial respect that ■'even"' always looks at all 
the bottom nodes before it cccnes to any conclusions* Thus a 
recursive schema that tries to imitate the schema even ha $ a lot 


more room in which to maneuver, itie con lecture that no recursive 


schema can have enouoh, internal states (as defined in the proof 
of the Simultaneous Fiecursti on Theorem) to he equivalent tc- the 
function even defined below. 


(even x) =■ begin (new n> 

(even, I x ) 

(return {zero'? n )) 
end 

(event x) = 

(if (EmOiS? 
then 

(if 1? x) 
then 

<n <- n+U 
x> 

else 

(n <- n-N 
x ) 

else begin (even CL xl) {return ceven (ft x))) end 


Kl.1.4 Decompilation 


The Decompi Jation The or am * 

For every push down schema automaton we can effectively 
construct a side-effect equivalent recursive scheme* We shall 
assume that subroutines take their arguments In registers rl, 
r2 t etc* 

Consider the following push down schema automaton* 

(palindrome) - begin 

(comment the argument is passed in r * 1 
(move x rl) (comment move the contents of rl into the 
register x? 

(call 0 end-of-stackJ (comment generate the 
distinguished constant "end-of-stack") 

(push r I ) 

pal » 


(move rl x) 

{call I TESf*IHJ 
if rl 

then D&nin 
Cpop r! 3 

tea 11 L end-of-staefc?) 

£if rl then £ return )) 
ooaint 

(pop r t) 

(tall I end-of-stack?) 

(if rl 

then 

(call 0 false) 

(return > 

else (co again)) 

end 

(move rl x) 

(call I P) 

£ if r l 

then (push rl) (co palJ) 

(pop r I) 

(■call l end-of-stack? 3 
(if r t 

then (caJ1 0 false) (return)) 

(move r] X) 

(call I F) 

(move x rI) 

(co pal 3 
and 

The Decompilation Theorem follows almost immediately frail the 
Reset Theorem. The push down schema automaton palindrome is 
equivalent to the schema paiindromeO defined below* The 
function exit will force a return from a function through 
arbitrarily many intervening blocks. The following method for 
decompiling produces a prooram that runs in a time proportional 
to the time of the push down schema automaton. There is an 
alternative method of decompilation that involves no loss of 
efficiency but it is not so easy to understand because more work 
must be done in the translation. 


(pa IIndrcmeO rl) ■ begin {new x) 

(x <- rl) 

(palindrome| end-of-staek Label I Jsbel2) 

place f = 
pals- 

(rl <- x) 

{rl <- tTEHMIfl rl) 
if r I then berin 

(halt? (comment stack Under flow) 
label 1 e 

(rl <- (end-of-sta ck? }) 

(if rl then (rl <- (false)] (exit rl) 
else (go Spain!) 

end 

(rl <- x) 

(rI <- (P r I)) 

(if rl then (palindrooie2 rl label! label2) (co pal)) 
(halt) (comment stack under flow) 

iabe L21 

(rl <- (end-of stack? rl)) 

(if rl then £ r li <- (false)) (return r I )) 

(move r I x) 

(r r <- C F r I )) 

£x <" r 1 ) 

(go pal) 
end 

(pallndromeF stacked tag I tag2) - begin 
(go place F > 

(x r 1 ) 

(palindrome! end-of-stack label] lsbel2> 

place M 
pel; 

(rl <- x) 

(TP CTEfiWIH rl > 
if rI then begin 

(move rl stacked) 

{go tag E) 
label 1 i 

(rl <- (end-of-stack?)) 

(if rf then (rl <- (false)) (exit rl) 
e Lse (go again)) 

end 

(rl <- x) 

(rI <- (P r 1)) 

(if rl then (oalindrome2 r t label | labeI2) placets too 

pal)) 

(rl stacked) 


[go labels) 

labels* 

(rt <- (end-ofstack? rl>! 

(if r I then < rI <- (false)! Cre turn rI)l 
(move rl x} 

(rl <- <F r m 
(X *- r 1J 
(go pal) 

end (palindromeS stacked tact tag2! - becin 
(go placeS) 

(x <- rl) 

(palindrome I end-of-stack Label 1 label*] 

placer* 

pal* 

Crf <- j£) 

Crt (T ERWIN rl) 

if rl then begin 

(move rl stacked! 

(go tag I! 

labelt * 

(rl (end-of-stack?J> 

(If rl then {rl <- (false!) (exit rl! 
else (go again!! 

end 

(r I <- x) 

Cr r *- (P rl!> 

(If rl then (palindrome2 rl label 1 labels) places* (go 

pal)! 

(rl <- stacked! 

(go labe!2! 

labeL2* 

(rl <“ (end-cfstack? rl )) 

(if ri than (rt <- (false!) (return rl)! 

(move r ( x ! 

(r I <- (F r N) 

(x <- r I ) 

(go pal> 
end 


1*1,3 Parallel Schema 


ha introduce the deli nil tors ,I: < IJ snd "> fcl to delimit 
quantities that are to ne computed in parailel.* Whenever a 
process executes an expression like cx> it divides into two 
processes. One process executes x and the other attempts to 
continue norisel execution. For example in the expression 
«2+3**<4*5>, the product 4*5 is computed in pareJlel with the 
sum 24J, Thus the expression ”begin <return x> (return y> end” 
is defined to be the value of x or y depend Inn or. which 
evaluates first in some particular but unspecified paraJlel 
computation. If a process executes the primitive expression 
J "(die) (> then it must commit suicide on the spot. Processes can 
coordinate their actions through locks. Any expression x can bo 
locked by (lock x) provided that the expression is not already 
locked. If x i$ already Locked then any process which executes 
(lock xl will be blocked until x is unlocked by the primitive 
(unlock xl. However a'process can execute (locked? x> which 
will return true is x Is locked but will lock x if it is 
unlocked. The kind of call delimited by n < t> and l "> n can b& 
implemented usina the following primitives* 

(create n x afl will create a new process named n with 
the evaluation of x which wij1 execute the expression af if the 
evaluation of x Is ever cosud letad* 


[resume n xJ will resusne tha process naii-ed n with x as 
the value or thE statement which caus&ti control to leave n. The 
process which calls resume will be stopped* If the process n Is 
already running then the process which calls resume will be 
blocked until n Steps* 

[Tort n x) is exactly 1 i bt e (resume n x) except that the 
process which calls the function fork is not stepped* 

he define the foliowing function using parallel processing* 

(f xNif <P x) 

then x 
else 

be cin 

<return Cf CL xJl> 

{return (f C R x1 )) 

end) 

The above function Is determinate tie. halts and has the same 
value independent of the relative speed at which the sub- 
processes run) on infinite binary trees in which the predicate P 
is true on only one node. 

The Parallel Evaluation Theorems 

The function f defined is not equivalent to any recursive 
schema. 

Proof* Suppose a set of recursive equations <flO f f E L, ,,* » 
fSnJ is schematically equivalent to f with f!0 equivalent to f* 
That is for all interpretations of the uninterpreted function 
symbols* the schemas f and f 10 are the same function. Suppose 
that we start up fEO on input x and make tine predicate P raise 


for every nodo to which it is, anpliad as fJO ccrr.putcs a] cor* If 
the corapUtaticn con ve roes then f! 0 does not look at s^;e node 
which is a coot re-diet-ion of the supposition that f \ 0 is 
equivalent to f* Therefore the computation runs forever and the 
sequence of statements through winch the control passes is 
ultimately periodic. Consider the sequence of arguments tc one 
of the functions (call it f!i for ,f f subscripted hy i H ) as the 
control passes through one cycle. Suppose that f!i Is a 
function of j arguments 1 ail T *.- T a'j, The arguments with which 
fSi will be called after the control has passed through one 
cycle are terms definable from al T f *** t afJ* Let us call them 
ai I* f T _ T a ' j"* 3 * The situation can he diaerammed as follows* 


£fft a! C t »**|a!j)i the beginning of the cycle in the 
control structure 
* 

(ffi a! Id, ,.. 1 a‘J- A !> * he pass through the sane point 
of the cycle in the control structure 

If none of ai-l A [ T . _* I aijfd) is the same as one c-f aM,'**«,a!j 
then we are done since the sot of recursive equations is tracing 
j paths down an expontentia fly growing tree which roe a ns that 
Some node is not looked at. If we .set the interpretation so 
that P is true for the node then wfi have a contradiction. Vie 
conduce that the fact that one of a j 1 * l , , + might be 

same as ops of aii 1 ***,aEj is a nuisance. Let us call the 



arguments la f < £ afLor we have cme through the cycle? k times 
a! rkf-.a! j*Jt- Observe that if we no through the eyrie J! 
times then there wi IJ be some i such that i is less than j! and 
a:1*i t *., f alj*i has the property that it is an epicycle, Ly 
this we mean that acme aJp*i is the same as one of si ] T * * * * a! J 
if and only if it l$ the same a& alq. AJJ such a3q do not 
ccntrioute to the number of nodes examined since they are 
repeats of nodes previously examined in exactly the same way. 

The situation can be diaoramfiied as follows: 

* 

(f 11 ai ] f .**,aij )t 

it l i ii ri ( *.* t aS j~l ) 

a- 

(fii aJl'k, ,., ? a!j A k>i the beginning of the epicycle in 
the control structure 

* 

ff;i aH!^f2*k) T .,a!>t we pass through the same 
point in the epicycle 

Threrefore we can complete our proof by applying to epicycles 
the above argument that we used for cycles. O.E.D, 


i * ?*4 Locative Schemas 


The Locative Theorems 

if locations of identifiers are an allowed data type * then the 
control structure of recursive schemss can compute any partial 
recursive function, he shall revert to the convention that 
arguments are passed on the stack. We will need to use register 
which we shall call rl. The register will be allowed to held a 
pointer to a location in the stack* Pointers are created by the 
use of the function "index"* For exampJe (index Q> is the 
location of the top of the stack when the function is entered* 
proof J 

We can define a counter using a register as foldowsi 


(Initla lize-counter I) = begin 
(call 3 zero! 

(push rl) (comment push the distinguished Literal zero 
onto the stack I 

(movei rt (index 0)3 (eoirment put a pointer to the top 
of the stack in register rt) 

(returnl 

end 

(count^upl) - begin 

(push rl) (comment push the contents of realster rl) 
(ir.ovei rl (index D)> 

(return) 

end 

1 countdown 1 ) = begin 

(move rl (in rl)) (comment put the contents of the 
contents of location rl in location rl) 

(return) 

end 

(zero^test 1) = begin 
(push r1) 


(call 0 zero?) [corment test for the distinouished 
literal zero) 

i. return > 
end 

Warvln Minsky proved that two counters are universal, 0 + E,D 


J* 1*5 Schemas with Selectors and RepJaceanent 

Another way in which we can proceed la to impose data 
types on the Computing domain* Storage off the stack can be 
established by postulating a constructor c and selectors sf and 
s2 such that for all x and y in the computing domain we have: 


ts 1 { c x y J ) s. x 
i s£ {c x y)> = y 

in the domain of Interpretation, Classically we 
that every caJ1 to the Constructor must return a 
the computing domain* The lack of functionality 
computing domain implies that it must be defined 
effects* 


would postulate 
new element of 
of c in the 
using side 


J * l* 6 Schmeas with Free Variables 


Cc x y) - begin [new z) 

(z <- [si f r-ae-stora ge-list J3 
(free-storage-list <- < s 2 f ree-storaoe-'Jist 3) 
[comment " free-storage-list* 1 is free "in c) 
[return (CONSTRUCTOR x y z) 
end 


For some purposes the hash Coded constructor of McCarthy (-which 
we shaJ 1 call ht) results In nains in efficiency In both time 
end storage- For a hash coded constructor, we would have 
if x 1=x2 and yl=y2 then (he x 1 y I } ~ (he x2 y2K 


! * 1 * { J-i g i r a r c h i c a 1 ij c h sna s 


PLANNED uses, a mors powerful control structure than that 
of the recursive function ca 11* f, HIERARCHICAL COMTROL 
STRUCTURE is used which means that at any point a process can 
fail which will cause it to back up to sows previous state and 
then continue* The primitive function (GcRFAIL) will penerats a 
simple failure, the primitive function (FAIL? try lose) will 
evaluate the expression try* If the evaluation succeeds then 
the value of the function ''failure? 1 ' is the value of try. 
Otherwise the value of the function ,f failure?" is the value of 
lose* For example the value of 
£+■ 

(failure? (x <- 2) fx <- ?)) 

(if X=2 then (fail) else 4>) 

is 7 since x first gets the value 2 but then is §iven the value 
3 when a failure backs up to the function H faiJure?". 

I* J.7.? Comparison with Recursive Schemas 

he shall £ive an example to show that hierarchical 
control structure is more powerful than recursive control 
structure. 


Helrarchical Schemas Are .'-'.ore Powerful th^n recursive Schemes 


The hierarchical schema c defined below Is not 
equivalent to any recursive schema, hhat the schema a does Is 
to search the foil wing tree for x looking for a node on which P 
i 5 t rue - 


(L* I k > 

CL" 2 x) 

{L"3 

<H"l fL"*2 x ) >' 

(L"4 xi 
[in ( L" 4 x)) 

■t IT t C L* f x ) J 

<H"2 CL"F x ) )> 

tfi*l x) 

(FT2 xl 

CtT3 x ) 


l\e have shown in the section on parallel schemas that no 
recursive schema can do the search* 


(g x) = Ch (fx)] 


(h z) = if Eis z "tru&'O 
then 


{begin 

then we are done) 


(cormi ent 
t rue } 


else 

(begin 


(comment 
(fail I) 


if the value true is returned 


otherwise oenerate a failure) 


(f x)-Efail? 

false 

(begin (new y> 

(comment y is a new local! 


£ y <- x ) 

£ k 

( f (L x)l 
£ if CP y) 

then true 

else fy <- £ li yj false)?)! 

CJk s t) = if (is s 11 true u ) 
then "true 1 * 
else t 

Proof i The proof is Similar to the proof of the parallel 
evaluation theorem. Suppose a set of recursive equations 
f 1 j . f#n) is schema t ica ly equi valient to f with fsfO 
equivalent to f, Suppose that we start up r#0 on Input x and 
make the prdicate p true for every node to which it is applied 
as ftfO computes aiohn, If the computation convcrseces thn ti/Q 
does not look at some need which is a contradiction of tha 
supposition that ftfO is equivalent to f* Therefore the 
computation runs forever anti tne sequence of statements therouch 
which the control passes is ultimately periodic. 

j, 1,7.2 Comparison with Parallel Schemas 

he conjecture that parallel schemas ere more powerful 
than hierarchical schemas, The example which will show this is 
the same example used to show that parallel schemas are more 
powerful than recursive schemas. However* the proof for 
hierarchical schemas is more difficult* The method by which 
parallel schemas can simulate hierarchical schemas is messy 


but 


straicht forward 


U.7J PLANNER Sciienaa 


2 Synthetic theory 


2,1 Realizations 

2-],] Realizati ons for the Quianti t ioptional Calculus 

1 -.& would Like to show how we can use schemas to express 
prucoduraliy the meaninc of certain constructive logically vo 1 Id 
sentences in the predicate calculus* Classically, 
intuitionistic logit has been usee to prove constructive 
sentences* However,, the connection between this language and 
push down schema automata is somewhat indirect, Ke need to 
define the notion of a schema g realizing a formula phi* 

Roughly speaking g realizes phi if it tells how to compute the 
value of phi from the sub formulas of phi dependinc on the 
logical connectives of phi, lv@ shall define the notion that g 
realizes phi by induction on the structure of phit 

For iitenus), o realizes phi where phi is a term if a is 
true if and only if phi is true. For example CP CF w) z1 
realizes ie tF w) z). 

For {and...), g, realizes phi = Cand theta psi) if Cc 0) 
realizes theta and (g 3 1 realizes psi. .Note that q reaJly is 
two functions in disguise* 

For tor J* c realizes phi - Cor theta psi) if whenever 


fa is false then Cn 2J realiz.es osi and whenever (c 03 is not 
false then (g U realizes theta. 

For limplies ,. * 3. a ree Lizes phi = (iiuplics theta csi3 
if v/h&naver h realizes theta then £o h3 realizes psi. 

For (not_}, g realizes phi = (not theta) if for no h 

is it the case that h realizes theta* 

For :ia.l. 1_1 - g realizes phi - fall x [theta xJ3 if for 

all x it is the case that (c x3 realizes [theta xJ. 

For .(some,*,)* g realizes phi - (some x [theta x 1 > if (r 
1) realizes Uh&ta eg 0)]. 

Consider the fallowing formula which we shall ca.Jl phi J 


(implies 

C 5 Oise x 

Cimplies (Ax) £ B x 3 3 
(implies (all x (A xJ3 (some x £3 x 3 3 3 ) 


We cLaim the function g defined below realizes phi, 

g a [lambda h (lambda k (lambda s 
(if s = o 

then Ch 03 

else £(h 13 (k £h 03)333) 

suppose that h realizes (some x (implies (A x> (E x3) 
(h 13 realizes (implies (A Ch 03) (E (h 0 3 3 3 
suppose that k realizes (all x (A x3 3 
(k (h 033 realizes (A (h 033 
C Cn I) U Ch 03 >3 realizes (E Ch 03 3 
C((g h> k) 13 realizes (B CC(c h3 k> 033 
(£g h3 k3 realizes (some x £b x >3 
( q h 3 realizes (implies (all X (A x 33 (some x t£ x3 3 3 
g re^liz&s phi 


he arc interested in knowing when a formula can be realized 
tonstuctlveiy* 


Realization Theorem for Recursive Schemas with Functional 
Arouiuents, 


if phi is provable in intuition!stic Ionic, than phi Is 
realizable by a recursive schema with functional arguments* The 
Realization Theoreifi represents one approach toward e 
construct!vs theory of Computation* From a description of the 
Line of object that we would li ke to have given the description 
of certain other objects as input, we derive a program for 
computing our goal* ActuaJly we ShaJi prove that for 
intuitionistic logic the realisation function can be made 
primitive recursive* The proof is a slight modification of the 
standard proof for the integers* It is a warm up for the 
analogous proof for the deductive system of PLAINER* However, 
in PLANNER we require the full power of the recursive functions 
for our constructive realizations* 


Proof: The following proof l£ by induction on the 
structure of intuitionistic proofs using natural deduction* It 
goes by straightforwardly winding and unwinding of o'efinltiens* 
With a little work we could get PLANNER to create the proof* 


{anti introduction) 



the to r e a 1 

izetf 

by say ci 


psi 

real!z 

ed oy 

say h 


(and 

theta 

ps i > 

realized 

else 

h>) 




(end 

elimination) 




(and 

theta 

psi) 

rea1ized 


0> then r 


theta realized by (o 0) 
psi realized by Co l) 

{or intro) 

psi realised by say g 


else 

o 

(or 

theta psi 

> realized by (lambda t (if t=n 

than 

fa Ise 

& Ise 

c) 

(or 

psi theta 

) reaiizcd by (lambda t (if t=0 

then 

true 

for 

el im) 







(or 

theta psi 

J realized by say g 



by h 



theta 

hypothesis; suppose that theta 

is realized 


(fli hi) for some re 


eventuaJly deduce Say omega which is realized by 
ecirrsive m using the inductive hypothesis 


psi hypothesis! suppose the psi is realized by k 


eventually deduce 
*or some recursive 1 usino t 


ce ornera which is realized by U 
he inductive hypothesis 

u ,0 ,,r SgS “ rEalltEc1 ** (lf ‘9°) then (a (g m else 

(implies intro) 

ojiieca hypothesis; suppose omega is realized by h 


(cr 


e hi eventually deduce say psi which is realized by 

g h) for_some^recursive g using the inductive hypothesis, ' 

{implies omega psi) realized by (lambda b (q hi] 



{implies elim) 

{implias o;(icpa psi) realized fay say g 
omega realised by say h 


psi realised by t c h) 


(neg intro) 
by h 


maos hypothesis ? suppose that omeoa is realized 


eventuaJly deduce say (not psi) which is 
realized by (g h) for some recursive g using the inductive 
hypothesis 

eventually deduce psi which is realized by (If h) 
for same recursive k using the inductive hypothesis* 


(not omeoa 3 which is realized by any function since it 
is impossible for both (not psi) to be realized by (g b) and for 
psi to be realised by (k h). 

{all intro) 

x! 


1 

4 

] eventually deduce say Lomeca x'J which is 
realized by (£ x) for sarnie recursive c using the Inductive 
hypothesis 

(all x Iomega xj) realized by (lambda x £g x)> 

(all elimJ 

(all x (omega xl> realized by say g 

[omega tl for soma term tl realized by (g t) 

(exist, intro} 

Lonieca t) Is realized by say g where t is a term 


(exist x [oi.ega x3J is realized by (lambda s (if (s - Q) 
then t else g)) 

(exist elim} 

(Some x Iomega xl) realized by say g 
xilemega xl realized by (g i) 





4 

! 


eventually deduce soy pay which does not 
contain x free? psy Is realized by fp (g 03 f g 1)1 for some 
recursive m using the Inductive hypothesis* 


pay 


Thus we have completed the inductive prcof* 


Intuitionlstic Implementation Theorem 

Fur every recursive schema P, we can effectively find a 
first order formula [theta y yl such that P is total recursive 
If and only if (ail X (Some y I theta x yJJJ is provesble in 
Intuition!stit logic* Furthermore, the program P on input x 
converges to the value y if and only if [theta x yl is provaable 
in intuitionistic 'logic* flie assume that all uninterpreteef 
function symbols in schemas are total. 

We shall give an example of how to construct the formula 
theta for the following program which is due to Paterscnt 


fg xl ■= (if (I (F x>3 

then (h x (F x)> 
else xl 

(h x yJ= 

(if (T CF (F y 3 3) 
then x 

alseif ET <F x>3 

then (h CF x) (f" EF y))) 
else (g EF x 3 3) 

The formula [theta x yj to fre constructed is the conjunction of 



tha foJ lowing three formulas where 11 iff" is an abbreviation f or 
■"If and only if" j 


[Iff 

(F-G x y> 

(or 

(and (T CP x 1) (rh x (F x > y J) 
(ano (not (T fF X)) Cy = x33)) 

(all x 2 x2 y (iff 

(PH x I x2 yJ 
(or 

(and (T (F (F x231> Cy = x]H 
(and 

C not CT (F (F x£lH 
£1 (F x n> 

(PH CF k t > (F £F x2J) y>) 

Cand 

(not CT CF £F x2) )) 

(not CT CF x!H 
CPG (F x SI ym 


(all x Cor CT x) (not £T x)))) 

The last statement cones from the fact that we are assuming that 
all uninterpreted functions are total* The schema g is indeed 
total recursive* 

Even after adding selectors and constructors the 
realization theorem can still be proved in the standard way. Vie 
introduce the predicate atcm which tests to see if its argument 
is atomic and thus cannot be broken down using the selectors* 

The fojlowing rule Is added to intuitionlstic looies 


Call x (implies (atom xJ (theta xT)> realized by say g 
x*y![theta >■;.] hypothesis! suppose f theta xl is 
realized by Cm x) 

by Cm. yJ 


[theta yl hypothesis; CtheU: yJ is realized 


i 


.[eventually deduce I theta (c x y)J realized 
by say (h ru x y) using the inductive hyootbesis 

(all x f theta xJJ realized by 
[k x) = (if (atom x) 

then (g x) 

else fh k (st z> (s2 i))) 

Sometimes an increase in efficiency can ba detained from 
replacement operators r! and rZ ouch that 

if x = (si z) and y - ( s2 z) then after tri z w) we have 
(si zl - w T and (s2 z) - y 

if x ■ (st z) and y - ( s2 z) then after (r2 z w) we have 
(si zl - x, and (s2 - w- 

There are real problems in trying to use the universe of terms 
as a universal domain Of Interpretation when the use of 
replacement operators is allowed* 

2.].2 Realizations of PLAINER Theorems 

2*2 Construction of Schemas 


2*2,1 Completeness of Procedural Abstration 



2*2,2 Completeness of Method of Canned Loons 



3 Current Problems and Future hcrk 


How can. we cFuracterize more precisely the difference 
between functions that need to use a recursive cr parallel 
control structure as opposed to those that only neen a simple 
iterative program structure? The problem of deciding whether 
any given recursive schema can be rewritten as a program schema 
is of course undecidsble* We would like to fine' ns n era! 
criteria of independent interest which would be sufficient to 
guarantee that a recursive schema could not be rewritten as a 
program schema. 

There is general agreement that the theory of 
computation is currently not in good shape. The three- major 
areas Cautomata theory, recursive function theory* and special 
case hacks} are not applicable to practical programs * L‘-,'e can- 

contrast our plight with the situation in applied physics. An 
applied physicist finds that it is essential to understand 
fundamental physical laws both in designing his experin ants end 
in interpreting their results. Ho such fundamental laws and 
principles are known in programming, Fiatursive function theory 
sets the very outer limits of what is possible* Few theories 
are more elegant. However* the fact that classical recursive 
function theory deals with the indices of the partial recursive 
functions and not with the meaning of the programs has been a 


fundaments 1 limitiation on the applicability of the theory. For 
example the recursion theorem says that fixed points exist for 
any acceptable Dnedel numbering. Almost all the classical 
theorems of recursive function theory can be derived using only 
the Godel axioms for Indices of partial recursive functions* 
Similarly,, the complexity theory of the recursive functions can 
be Derived from Glumes axiws for indices* Automata theorists 
hove been able to discover some of the structure of various 
limited classes of automata such 6S finite state machines* push 
down machines* and space and time bounded machines* However, 
since the theory developed has been mostly concerned with 
closure and complexity properties of the special machines 
■considered as acceptors* it has had limited applicability to 
real computer programs. Host programs are not structured In the 
way required to fall into one of the special classes of 
machines. Seme theorists hope that by studying enough examples 
of very narrow domains of algorithms there we have a lot of 
domain dependent knowledge that we can Induct a theory of 
computation in a baconlan fashion* Deep studies hove been made 
on questions such as hew fast integers can be multiplied and how- 
fast matrices can be multiplied. Studies in the theory of 
searching and sorting appear to be more relevant for 
constructing a unified theory of computation since they are 
concerned with basic computational abilities. 

Studying the properties of programs schematics Jiy 


offers several advantaces. Schemas can be prcgraiaiiEJdi in a 
realistic fashion. They mirror the structure of programs that 
are used in applications* Usino them we can precisely define 
structural properties. Properties of the structural classes tan 
be demonstrated* An encouraginc si on is that none of trie proofs 
given hero is conceptuaJly vary difficult, -Schemes rive us a 
tool hy which we can rigorously formulate and prove statements 
that every programmer intuitively knows, he have used schema5 
to male a kind of distinction between semantic and syntactic 
extensions to programming languages. The intent of the 
restriction that functions be unlnterpreted i$ to try to prevent 
our mathematics from fajling into what Perils likes to call the 
"Turing Machine Tar Pit* 1 " By using uninterpreted function 
symbols we can prove both analytic and constructive theorems 
about classes of pregrams. In. the analytic theory the 
mathematical properties of the structural classes is expounded. 
In the constructive theory the process by which schemas can be 
constructed from goal oriented language such as FLANKER, The 
intention is only partially realized end we must search for 
other natural mathematical structures to impose on our schemas 
in order to obtain a more realistic theory of semantic 
extensions to programming languages, h'e are continuing to 
investigate what gains in efficiency can be obtained from the 
following extensions to programming languages* 


recursion 


hierarchical Control structure 
P LAtfi'i ETi p r i m 11 i ve $ 

Locations as a typ^ 
reset s 

free Identifiers 
parallel evaluation 

replacement operators for constructors* 


